In this work, we study the symmetries of a Lorentz violating bipartite-Finsler spacetime. By using the Finslerian Killing equation for the bipartite-Finsler metric, we analyze how the anisotropy of the bipartite spacetime modifies the local Lorentz symmetries. The symmetries of the Finsler metric allow us to obtain the bipartite algebra and interpreted it as a deformed Lorentz algebra. Causality effects driven by the particle modified dispersion relations are investigated upon Minkowski and the Schwarzschild spacetimes. The background bipartite tensor yields to superluminal velocities and modifies the effective gravitational potential.
Introduction
A complete description of the structure of space-time and fields dynamics near the Planck scale is still a matter of debate and investigation. Some theories suggest that the cornerstones symmetries of the standard model (SM), the CPT and Lorentz symmetries may be violated in the UV regime. In string theories, the vacuum expectation values (VEV) of tensorial fields at some specific vacua might couple to the SM fields driving Lorentz symmetry effects [1] . The so-called Very Special Relativity (VSR) [2] assumes a subgroup of the Lorentz group, the DSIM (2) whereas for the Doubly Special Relativity a larger group leaving invariant both the speed of the light c and the Planck length l P is assumed [3] . Noncommutative geometries [4] , Horava theories [5] and Loop Quantum Gravity theory [6] also contains Lorentz symmetry breaking effects.
A broad framework to probe CPT-Lorentz symmetry violation is provided by the so-called Standard Model Extension (SME) [7] . The Lorentzviolating effects were investigated on several different systems involving neutrinos [8] , photons [9] , mesons [10] . In the gravitational sector, the Lorentzviolating terms might couple to the metric and the connection yielding to an Einstein-Cartan theory [11] . In the Riemannian limit, assuming a spontaneous symmetry breaking driven by a vector (bumblebee) field [12] preserves the Bianchi identities and the influence of LV was investigated in cosmology [13] .
A conspicuous feature of Lorentz symmetry violation is the modified dispersion relation (MDR) [14] . The MDR effects can be encompassed into the geometric structure of the space-time by means of the so-called Finsler geometry [15, 16, 17, 18, 19] . Unlike Riemann geometry, in Finsler geometry the norm of tangent vector v is computed with a general function F (x, v) called Finsler function [20, 21] . In SME-based Finsler geometry the Finsler function is derived from a point-particle Lagrangian with SME coefficients [22, 23, 24, 25] . A CPT-odd fermion has a Finsler structure given by the well-known Randers space [26] , whereas a chiral CPT-odd fermion pointparticle describes a geodesic motion in a novel Finsler space called b-space [22, 28] . Both Randers and b-space have Finsler functions (and hence the local Lorentz violation) driven by background vectors. The effects of the background vector field were investigated in cosmology [29] and astrophysics [30] .
The Randers and b-space are special cases of a general Finsler geometry called bipartite space, where the Finsler function is defined from the Riemannian metric and a symmetric background tensor s µν [31, 32] . This bipartiteFinsler structure provides quartic MDR from CPT-even SME interactions [31] . By considering the geometric features of this Finsler spacetime, we can find new symmetries. Although not Lorentz invariant, the Bipartite symmetries reveal what quantities are left invariant by the presence of the bipartite background tensor.
In this work, we seek for the symmetry transformations that preserve the bipartite-Finsler metric. Using the Finsler Killing equation, we find the particle transformations leaving unchanged the particle Lagrangian. We define bipartite generators of translations, boosts and rotations. The generators are modified by the inclusion of the bipartite tensor. The corresponding bipartite algebra is defined showing a resemblance with the κ-algebra [33] . A similar analysis has been carried out for the Randers [34, 35] and Bogoslovsky [36] Finsler spaces. Moreover, the effects of the bipartite tensor on the momentum and energy conservation, as well as the causality analysis is performed. It turns out that the bipartite geometry yields to superluminal signals, an issue exhibited by other Lorentz violating models [37] . We discuss the modifications of the bipartite Lorentz symmetry breaking on the bound orbit stability and compare to other Finslerian models [38] .
Bipartite-Finsler space
The Bipartite-Finsler space is an anisotropic spacetime whose interval for a point timelike particle has the form [31, 32] 
where
dt is the 4-velocity, s µν = s νµ is the background Lorentz violating Bipartite tensor and we are assuming the mostly minus metric signature (+, −, −, −). The Finsler function F B can be written as 
Another example of Bipartite space is the so-called b-space, whose Bipartite tensor has the form s µν = b 2 g µν − b µ b ν [28, 31] . These both Finsler spacetimes stem from the classical Lagrangian for fermion under chiral CPT-odd Lorentz violating interactions [31] . The indexes for the Bipartite tensor are raised and lowed with the local Lorentz invariant metric g µν . Let us assume the particle action as an integral over the particle worldline [31, 32] 
The action (2) inherits the Lorentz violating from the spacetime geometry. Consider the basis B = {e 0 , e 1 , e 2 , e 3 }, formed from the eigenvectors of s µν i.e., s
In order to guarantee the condition s µν u µ u ν ≥ 0, we assume that λ 0 ≥ 0 and λ i ≥ 0, a condition similar to the weak energy condition for the stress-energy tensor. For the Randers space, s 
where ζ = b 2 = g µν b µ b ν . We assume the condition Eq. (3) is valid for any bipartite space. We can define an anisotropic bipartite-Finsler metric g B µν (x, u) such that
where 
The directional dependence of the bipartite metric can be measured by the so-called Cartan tensor C µνρ , defined as [31] 
In fact, the Cartan tensor vanishes for the usual Riemannian geometry.
Since the bipartite metric depends on both the position x and the velocity u, a complete description of this Finsler spacetime demands we interpreted it as a configuration space (x, u) and consider both position and direction variation, respectively ∂ ∂x µ and ∂ ∂u µ [18] . Consider the so-called horizontal derivative
and the vertical derivative∂ µ := F 
[21]. The basis (δ µ ,∂ µ ) is orthogonal and splits the configuration space
} into a horizontal space spanned by (δ µ ) and a vertical space spanned by (∂ µ ) [21] . Using the dual basis (dx µ , δu µ ), where δu µ := (1/F )(du µ + N µ ν dx ν ), the configuration space has a metric ds 2 = g B µν dx µ dx ν + (g B µν /F 2 )δu µ δu ν [18] . Although the tangent bundle T M/0 contains the whole metric directional-dependence of the spacetime, it is worthwhile to stress that, for a tangent vector v µ ∈ T x M 4 only the horizontal metric defines its norm.
In order to study how the spacetime geometry varies from point to point and explore the effects of these changes upon the particle symmetries and dynamics we have to define a connection ω
Assuming a metric compatible connection ∇g = 0, we obtain the so-called Cartan connection whose horizontal connection has a familiar form
whereas the vertical connection is given by the Cartan tensor Γ λ ρν = C λ ρν [21, 19] . Therefore, the connection Γ Bµ νρ (x, u) preserves the Finsler metric g F µν (x, u) as we move along the Bipartite space. This fact will be used in the next section to find the local isometries (symmetries) of the bipartite spacetime.
Bipartite transformations
In this section we study the coordinate transformation which preserves the bipartite particle interval (action) Eq. (2).
The action is clearly invariant upon usual observer Lorentz transformations x µ := (Λ) µ ν x ν . For particle transformations, we consider an actual displacement of the particle along a trajectory preserving the action. To do so, let us consider the Finsler Killing equation which provides the local symmetries of the bipartite Finsler metric g B µν (x, u). The general way to find the local symmetries ξ ρ of the action is through the Lie derivative of the Finsler metric, given by [17, 19, 20] 
where the Finsler covariant derivative is defined by the horizontal connection (8) . A Finslerian Killing vector satisfies L ξ g F µν (x, u) ≡ 0 and then, the Killing equation turns into
It is worthwhile to mention that we are interested in the particle symmetries as the particle moves in M 4 and not on T T M . Hence, the Killing vector ξ ∈ T x M 4 , i.e., ξ = ξ(x) has no u-dependence. In ref. [35] the authors study the symmetry effects on the Randers spacetime considering variations on the direction as well.
For active particle transformations, let us consider the displacement vector in the direction of the particle motion, i.e., ξ ρ = u ρ . The compatible connection (8) guarantees that the 4-acceleration is orthogonal to the 4-velocity, i.e., u ρ |σ u σ = 0. Thus, the Killing equation turns to
The Killing equation for the particle symmetries (11) is rather similar to the usual Lorentz invariant Killing equation. The difference lies only on the horizontal connection (8) .
Let us first consider the case where g µν = η µν and s µν are constants. The covariant horizontal derivative turns into ξ µ|ν = δ ν ξ µ and a constant 4-vector µ satisfies the equation (11) . Thus, we can use the Killing vector µ to define a translation operation by
where λ is a real parameter and the translation generator is defined as
The infinitesimal translation is ξ ρ = µ δ µ x ρ = ρ . In order to define the bipartite transformations and probe the directional symmetry, we define ω µν := δ ν ξ µ , which yields Eq. (11) to
Eq. (14) is also satisfied by the Lorentz generators. The velocity dependence can be introduced by
where S := ζ + σ, σ ⊥ := ± ζ − s µν u µ u ν and λ ρ :=
Therefore, the bipartite transformations are the result of the usual Lorentz transformations and the action of the background Lorentz-violating tensor s µν on the 4-velocity u µ . Accordingly, a Lorentz violating particle motion under a bipartite background tensor can be regarded as a bipartitesymmetric movement.
There is still another important class of symmetry transformations in bipartite spacetime. Indeed, the Finslerian vielbein E F a µ allow us to rewrite
In the bipartite spacetime, the first-order vielbein has the form
where E a µ is the local Lorentzian vielbein and k µ is assumed as timelike vector. The bipartite vielbein represents a local anisotropic transformation that transforms the coordinate basis {∂ µ } into a Finslerian orthogonal basis {e a = E µ a ∂ µ }. The vielbein changes the 4-velocity u µ into the anisotropic vector u a = E F a µ u µ , such that the Lorentz violation is moved from the spacetime (Finsler metric) into the u a . This is analogous to the light propagation in anisotropic media where the electric and displacement fields are related by the anisotropic polarization tensor, D i = i j E j . Once we found the infinitesimal bipartite transformations, let us study the proper bipartite generators where
In Randers space, the generators take the form J F µν = J µν + m(x µ b ν − x ν b µ ), which is similar to one found in Ref. [34] . Defining the bipartite generators operators J
the proper bipartite particle transformation takes the form
Bipartite algebra
The Finsler algebra is strongly modified by the anisotropy of the action. In fact, the momentum algebra is given by
As a matter of fact, the anisotropy causes non-inertial effects measures with the Finslerian horizontal curvature R F σ ρµν (x, u). Indeed, this results in the nonvanishing commutator in Eq. (20) . The commutator (20) differs from one found in Ref. [34] due to the definition of the momentum generator in function of the horizontal derivative δ µ in Eq. (13) .
The angular momentum generators are even more sensible to the anisotropic structure. In fact, for a constant s µν , the angular momentum generators satisfy
Note the presence of the Finsler metric g F µλ (P F ) which enhances the momentum dependence when compared to the Ref. [34] .
We can rewrite Eq. (21) as
Assuming the background vector is still constant, the commutator between P F µ and J F νλ takes the form
It is worthwhile to say that the commutation relations in equations (20), (21) and (23) have an analogous form of that of the Lorentz invariant transformations, changing only J F µν → J F µν and η µν → g F µν (P F ). The Finsler metric deforms the algebra between momentum, Randers transformations and position. Indeed, for a constant s µν ,
Since for ζ = 0, g F µν (x, P F ) = η µν , the Randers algebra resembles the deformed Heisenberg-Weyl algebra of the κ-Minkowski spacetime [33] .
From the bipartite generators, we define the boost generators
and the bipartite angular momentum generator
Remarkably, the background vector a µ produces not only an expected background boost generator but an angular momentum generator as well.
At the particle rest frame where g F 00 (u) = 1, the boosts and angular momentum generators satisfy
[K
[J
For a timelike background vector a µ , where we can set g F 0i (u) = 0, the Randers algebra takes a form of an extension of the Lorentz algebra by K µ → K F µ and J µν → J F µν . For a spacelike and lightlike a µ , the presence of the terms g F 0i provides mixtures between boosts and Randers generators.
Symmetry effects
Once we found the symmetries of bipartite spacetime let us consider the motion of a massive particle in the bipartite space and the effects of this motion on conserved quantities.
The covariant canonical momentum is P B µ = (mu µ + 1 σ s µν u ν ). Using the local Lorentz-invariant metric g µν , the canonical momentum 4-vector isP µ = g µν P B ν = (δ µ ν + 1 σ s µ ν )P ν . However,P µ is not preserved as the particle moves. Instead, using the bipartite-Finsler metric, the Finslerian momentum P Bµ := g Bµν (x, u)P B ν = m F u µ is a covariant constant 4-vector. If we parametrize the particle worldline to have a constant Finsler norm, i.e., assuming F (x, u) = 1, then P Bµ = P µ . That is equivalent to define a bipartite-Finsler proper time dτ B = β B dt, where the bipartite factor is
The Finslerian momentum P Bµ satisfies the Finsler geodesic equation
Consider the connection coefficients in the first-order of s µν and up to the quadratic terms in u. The equation of motion (EoM) is given by
and in a static background s µν , it is equivalent to the pair of equations
In the low velocities regime, the EoM looks rather similar to the Newtonian limit whose potential is given by m α σ ∇λ 0 . However, note the presence of the terms proportional to the 4-velocity, which can yield to unstable motions.
For the point particle 4-momentum P µ = mu µ , defining the effective metric tensorg µν := g µν − s µν , the modified dispersion relation (MDR), provided by the coupling F (x, P ) = g µν P µ P ν + s µν P µ P ν = m, yields to a quartic MDR
In the Randers space, the Eq. (35) leads to the quadratic MDR
On the other hand, the modified dispersion relation in a flat Minkowsky space g µν = η µν (35) leads to
The group velocity v j g = dE dP j takes the form where δ :
For a pure timelike bipartite tensor s 00 = λ 0 > 0 and s ij = 0, we plot the deformed mass-shell in figure (1) and the group velocity in figure (2) .
The bipartite geometry exhibits causal issues for high momenta, such as superluminal velocities, a common feature of Lorentz violating models [37] . Now let us consider the effects of the bipartite background tensor upon a particle moving near a massive and spherically symmetric body. Assuming a sufficient weak Lorentz violation such that the geometry is still static and spherically symmetric, the existence of a timelike Killing vector ζ µ = ∂ ∂t provides a conserved energy per unit of mass given by E = g µν (x)ζ µ u ν whereas the angular symmetry ψ µ = ∂ ∂φ yields to a conserved particle angular momentum L = g µν φ µ ζ ν . By considering that the Schwarzschild geometry is not altered by the bipartite tensor, the geodesic condition for a timelike particle g B µν (x, u)u µ u ν = 1 yields to the modified particle dispersion relation
The radial component of the Lorentz-violating vector b r provides velocitydependent potential term. A background vector with angular component b µ = (0, 0, 0, b φ ) yields to an effective potential whose asymptotic value depends on the test particle angular momentum. For a timelike background vector b µ = (b 0 , 0), the first-order perturbed MDR is
and hence, the effective gravitational potential also exhibits a velocitydependent term. These examples show that the MDR caused by the bipartite tensor leads to instabilities of particle orbits and asymptotic exotic effects even in the Randers spacetime.
Final remarks and perspectives
We analyzed the symmetries of the Lorentz violating bipartite-Finsler spacetime. Since the Finsler metric contains corrections due to the background Lorentz violating bipartite tensor, the Finslerian Killing equation enabled us to obtain the particle transformations leaving invariant the particle Lagrangian. It is worthwhile to mention that we assumed particle displacements on the bipartite spacetime M 4 , not on its tangent bundle T T M 4 .
We obtained bipartite translations, rotations and boosts, provided the bipartite tensor be constant. The presence of the bipartite tensor in the particle transformations indicates that the Lorentz invariant conserved quantities must be modified by the bipartite tensor in order to be conserved. Moreover, the direction-dependence of the bipartite metric yields to a deformation of the bipartite vielbeins and the Lorentz algebra resembling the κ-algebra. The quartic dispersion relation yields to causality issues at the UV regime and modifies the gravitational potential by introducing dissipativelike terms. These features suggest the bipartite-Finsler structure might exhibit interesting properties in early cosmology effects.
